SMALL OPTIMAL MARGULIS NUMBERS FORCE UPPER VOLUME 

BOUNDS 



PETER SHALEN 

Dedicated to Jose Montesinos on the occasion of his 65th birthday 

Abstract. If A is a positive real number strictly less than log 3, there is a positive number 
V\ such that every orientable hyperbolic 3-manifold of volume greater than V\ admits A as 
a Margulis number. If A < (log3)/2, such a V\ can be specified explicitly, and is bounded 
above by 

H 6+ Ioi3^2A 10g loi332Aj' 
where log denotes the natural logarithm. These results imply that for A < log 3, an orientable 
hyperbolic 3-manifold that does not have A as a Margulis number has a rank-2 subgroup 
of bounded index in its fundamental group, and in particular has a fundamental group of 
bounded rank. Again, the bounds in these corollaries can be made explicit if A < (log3)/2. 

1. Introduction 

Let M be a (complete) orientable hyperbolic 3-manifold. Up to isometry, we may identify M 
with H 3 /r, where T is a discrete, torsion-free subgroup of Isom + (IHI 3 ), uniquely determined 
up to conjugacy by the hyperbolic structure of M, and isomorphic to ttx(M). In this setting 
we have the following definition: 

Definition 1.1. A Margulis number for M (or for T) is a positive real number /i such that 
the following condition holds: 

1.1.1. If P is a point ofM 3 andx,y are elements ofT such thatmax(d(P,x-P),d(P,y-P)) < 
ji, then x and y commute. 

Here, and throughout this paper, d denotes hyperbolic distance on H 3 . 

I refer the reader to the introduction to [32] for general background discussion of Margulis 
numbers, including external references generalizations to the case of higher-dimensional or 
non-orientable hyperbolic manifolds. In [32] I pointed out that if V = tti (M) is non-abelian 
then there is an optimal Margulis number for M, denoted /x(M), characterized by the property 
that a given positive number /x is a Margulis number for M if and only if \i < fi(M). I also 
discussed the Margulis Lemma, which implies that there is a constant which is a Margulis 
number for every orientable hyperbolic 3-manifold. In this paper I will denote the largest 
such constant by /x+(3). 
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In [32] I discussed the problem of finding lower bounds for //(M), as M varies over a prescribed 
class of orientable hyperbolic manifolds, and its significance for the problem of classifying 
finite-volume orientable hyperbolic 3-manifolds. Results on this problem include Meyerhoff 's 
lower bound of 0.104 . . . for /i+(3), given in [24] (which should be compared with Marc Culler's 
upper bound of 0.616 . . .); the main result of [9], which implies that /u(M) > 0.286 for any 
orientable hyperbolic Haken manifold M; the main result of [32], which asserts that, up to 
isometry, there are at most finitely many orientable 3-manifolds with /i(M) < 0.29; and 
Corollaries 3.16 and 3.17 of this paper, which assert that if every subgroup of rank at most 
2 in 71"! (M) has infinite index — and in particular if Hi(M; Q) has rank at least 3, or if M is 
closed and ifi(M; Z p ) has rank at least 4 for some prime p — then /x(M) > log 3 = 1.09 
(These corollaries are well-known consequences of known results, and are included in the 
present paper for completeness. The essential ingredients are, first, the "log 3 Theorem," 
which is deduced from the results of [10], [4], [1], [6], [28], and [29], and, second, some 
topological facts proved in [17] and [34].) 

It is a standard observation that a lower bound for /i(M) forces a lower bound for the volume 
of M. Indeed, if volM < oo, it is easy to deduce that the /z-thick part of M [5, Chapter 
D] is non-empty, and hence that M contains an isometric copy of a ball B of radius fi/2 in 
H 3 . In particular, the volume of B is a lower bound for volM. Various refinements of this 
estimate are also well known. 

The theme of the present paper, exemplified by Theorems A and B below and their corollar- 
ies, is that for an orientable hyperbolic 3-manifold M, certain upper bounds on fi(M) force 
upper bounds on the volume of M. From this one can deduce that certin upper bounds on 
/i(M) also force upper bounds on certain group-theoretical invariants of it\(M) such as its 
rank. 

Of course, these results can be reinterpreted as saying that suitable lower bounds on the 
volume of M, or on such group-theoretical invariants as the rank of tti(M), imply certain 
lower bounds on fi(M). From this point of view, the paper can be seen as a contribution to a 
body of results, discussed above, that give lower bounds for /i(M) under various restrictions 
on M. 

The following result, which gives a first illustration of how upper bounds on /i(M) force 
upper bounds on the volume of M , will be proved in the body of the paper as Theorem 4.2. 

Theorem A. Let X be a positive real number strictly less than log 3. Then there is a constant 
V\ such that for every orientable hyperbolic 3-manifold M with fi(M) < X we have vol M < V\ 
(and in particular volM < oo). 

The following two corollaries to Theorem A will be proved in the body of the paper as 
Corollaries 4.3 and 4.4. 

Corollary. Let X be a positive real number strictly less than log 3. Then there is a there is 
a natural number d\ such that for every orientable hyperbolic 3-manifold M with /u(M) < A ; 
the group tci(M) has a rank-2 subgroup of index at most d\. 
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Corollary. Let X be a positive real number strictly less than log 3. Then there is a natural 
number k\ such that for every orientable hyperbolic 3-manifold M with fx{M) < X, the group 
7Ti(M) has rank at most k\. 

Note that in Theorem A and the two corollaries stated above, no explicit estimate is given 
for the constants V\, d\ and k\. As I shall now explain, explicit estimates can be obtained 
if we replace the assumption A < log 3 by the stronger assumption that A < (log3)/2. 

The following result will be proved in the body of the paper as Corollary 7.4. (It is a corollary 
to a more technical result, Theorem 7.1.) 

Theorem B. Let X be a positive real number strictly less than (log3)/2. Then for every 
orientable hyperbolic 3-manifold M with n(M) < X we have 

i , , , ( 880 , 1 

vol M < X 6 + : — - — -v log 



log 3 - 2A ° log 3 - 2A 

To avoid confusion it may be worth pointing out that the right hand side of the inequality 
in the conclusion of Theorem B is negative if, say, A < 0.1. Thus in this case the theorem 
asserts that /x(M) cannot be less than A. However, this is not new information, as Meyerhoff 
[24] has shown that /x(3) > 0.1, and indeed his result is used in the proof of Theorem B. 

The following two corollaries to Theorem B will be proved in the body of the paper as 
Corollaries 7.5 and 7.6. 

Corollary. Let X be a positive real number strictly less than (log3)/2. Then for every 
orientable hyperbolic 3-manifold M with //(M) < A, the group 7Ti(M) has a rank-2 subgroup 
of index at most 

X ( 880 1 

o + - — - — — log 



V \ log3-2A O log3-2A, 

Corollary. Let X be a positive real number strictly less than (log3)/2. Then for every 
hyperbolic 3-manifold M with fi{M) < X, we have 

( X ( 880 1 

rankvri(M) < 2 + log 2 — 6 + - — - — — log 



V \ log3-2A O log3-2A 

In my forthcoming paper [33] , Theorem 7. 1 will be combined with arguments invoking many 
other results — the log 3 theorem, the algebra of congruence subgroups, and Beukers and 
Schlickewei's explicit form of Siegel and Mahler's fmiteness theorem for solutions to the unit 
equation in number fields — to prove the following result: 

Theorem. Let K be any number field, and let D denote its degree. The number of (isometry 
classes of) closed, non- arithmetic hyperbolic 3-manifolds which are ^-homology 3-spheres, 
have trace field K , and have optimal Margulis number less than 0.183 is at most 141x2 24 ( D+1 ) . 



(That the number of such isometry classes is finite follows from the main result of [32] . It is 
the explicit bound which is the content of the theorem above.) 
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The proof of Theorem A occupies Section 4. The method of proof is to reduce the result 
to the log 3 Theorem (which I mentioned above) using relatively formal arguments based on 
standard results about algebraic and geometric convergence. The basic strategy is similar 
to the one used in [32]. 

The proof of Theorem B is rather easily reduced to the case in which tti(M) is a two-generator 
group. In this case, the proof involves two steps. The first, which is carried out in Section 
5, consists of showing that an upper bound A < (log3)/2 on //(M) forces an explicit upper 
bound on the minimal length of a non-trivial relation in the generators of 7Ti(M); this step, 
which is embodied in Proposition 5.3, is a refinement of the elementary packing arguments 
that are used, for example, in [34] to give an elementary proof that (log3)/2 is a Margulis 
number for any hyperbolic 3-manifold M such that every two-generator subgroup of 7Ti(M) 
is free. 

The second step involved in proving Theorem B in the case in which 7Ti(M) is a two-generator 
group is to show that an upper bound on the minimal length of a non-trivial relation in the 
generators of 7i"i(M) forces an explicit upper bound on the volume of M. This bound is given 
by Proposition 6.6, the proof of which is the goal of Section 6. The proof of Proposition 6.6 is a 
refinement, in the two-generator case, of the argument used by Cooper in [8] to show that the 
volume of a closed hyperbolic 3-manifold is bounded by ir times the length of a presentation 
of its fundamental group. Adapting Cooper's method to giving a volume bound in terms 
of the length of a single relation rather than the length of an entire presentation involves 
some ingredeints are required that did not appear in [8]. One of these is an isoperimetric 
inequality which was proved by Agol and Liu as Lemma 4.4 of their paper [3], where they 
applied it to prove a result that is somewhat analogous to, but distinct from, Proposition 
6.6. 

The newest ingredient needed for the proof of Proposition 6.6 is a deep and technical topo- 
logical result, Lemma 6.3. One of the results needed to prove Lemma 6.3, Proposition 6.2, 
is a new application of the characteristic submanifold theory that seems to be of particular 
independent interest. 

In Section 7 I assemble the results of Sections 5 and 6 to prove Theorem 7.1 and its various 
corollaries (including Corollary 7.4 which is Theorem B above). 

Sections 2 and 3 are preliminary sections, devoting to assembling more or less well known 
results used in the later sections for which convenient references are not easy to find. 

I am grateful to Michael Siler, Dick Canary and Marc Culler for a series of valuable dis- 
cussions of the material in this paper. Siler pointed out an error in an earlier version of 
the paper; he called my attention to Lemma 4.4 of Agol and Liu's paper [3]; and most im- 
portantly he made a suggestion that led me to the realization that n could be replaced by 
min(7r, A) in Proposition 6.6, which gives an important improvement in Theorem 7.1. Canary 
has painstakingly continued to educate me about algebraic and geometric convergence; he 
corrected my naive ideas about the algebraic convergence arguments involved in the proof 
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of Theorem 4.2, and helped me to the correct argument and suitable references. Culler pa- 
tiently listened to all the details of the material in the paper before they were written down, 
and clarified the proof of Proposition 2.3. 

2. General preliminaries 

Throughout this paper, logx will denote the natural logarithm of a positive number x, and 
#(X) will denote the cardinality of a finite set X. 

In statements and arguments involving fundamental groups, I will suppress base points when- 
ever it is possible to do so without ambiguity. If X is a path-connected space, I will often 
implicitly assume that X is equipped with an unnamed (and arbitrary) base point *x, and 
write vti(X) for 7Ti(X, If / : X — > Y is a map between path-connected spaces then : 
7Ti(X) — > 7Ti(Y) will mean the homomorphism from 7Ti(X, *x) to tti(Y) = Tti(Y, *y) which is 
obtained by composing the standard induced homomorphism /jj : 7Ti(X, *x) ~^ ^i(Y, f(*x)) 
with the isomorphism from tti(Y, f(*x)) to ni(Y, *y) defined by an unspecified path from 
f{*x) to *y. Thus /j is well-defined up to post-composition with inner isomorphisms of 
7Ti(Y). Many assertions about /j, such as the assertion that is injective or surjective, are 
invariant under post-composition with inner isomorphisms, and will be made without refer- 
ence to a connecting path. Likewise, the image of an element or subgroup of tti(X) under 
/(j is well-defined up to conjugacy. 

A path connected subset A of a path connected space X will be termed iri-injective if the 
inclusion homomorphism ni(A) — > 7i~i(X) is injective. 

The following two easy results from group theory will be needed later in the paper. 

Lemma 2.1. Let F be a free group on a generating set S, let Z be a cyclic subgroup of F , 
and let k be a positive integer. Then there are at most 2k + 1 elements of Z that can be 
expressed as words of length at most k in the generating set S . 

Proof. Let t be a generator of Z. If t = 1 the assertion is trivial. If t ^ 1, there exist a 
reduced word V in the generating set S and a cyclically reduced word W in S such that the 
word V * W * V is reduced and represents t; here * denotes concatenation of words and V 
denotes the inverse of the word V. For any non-zero integer n the word V * (~k n W) * V is 
reduced and represents t n ; here * n W denotes the n-fold concatenation of W. In particular, 
the unique reduced word representing t n has length at least n. If t n can be expressed as a 
word of length at most k then the reduced word represented t n has length at most k, and 
hence n < k. The conclusion follows. □ 

Proposition 2.2. Suppose that T is a finite-index subgroup of a finitely generated group T. 
Then 

rank T < rank T + log 2 [T : T] . 

Proof. Set r = rankT, and fix a generating set S for T with \S\ = r. Let S D S be a finite 
generating set for T, and let S be chosen to have minimal cardinality among all generating 
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sets for T that contain S. Let us denote the distinct elements of S — S by xi, . . . ,x k . For 

< J ; < k, let Tj denote the subgroup of T generated by SU{x\, . . . , Xj} (so that in particular 
To = T and 1^ = T). It follows from the minimality of S that r,-_i is a proper subgroup of 
Tj for j = 1, . . . , k, and therefore [Tj : Tj-i] > 2. Hence 

k 

[V : f] = HIT, : r^x] > 2 fe . 

Using this, we find 

rankT < j^] = r + A: < r + log 2 [r : T]. 

□ 

The following elementary fact from hyperbolic geometry will also be needed. 

Proposition 2.3. Let T be a triangle in a hyperbolic space, and let L denote the length of 
the shortest side of T . Then 

areaT < min(7r, L). 

Proof. We may assume that T C H 2 . let I denote a side of T having length L, and let 

2 2 

M denote the union of H 2 with the circle at infinity. There is a triangle T' in EI which 
contains T, has I as a side, and has an ideal vertex opposite I. It is enough to prove that 
areaT' < min(7r,L). Let us identify H 2 with the upper half-plane model in such a way that 

1 is an arc in the upper unit semicircle and the other two sides of T' are vertical rays. Let 

and (£2,2/2) be the endpoints of I in Cartesian coordinates, where — 1 < x\ < x 2 < 1. 
We have 

PX2 POO 

areaT' = / / — dydx = arcsina^ — arcsinrri, 

J X1 Jvi^y 

which is the Euclidean length of the arc /. This shows that areaT' < it. On the other hand, 
the hyperbolic length L of I is the integral over the arc I of the hyperbolic length element, 
which is given by ds/y where ds is the Euclidean length element; since y < 1 at all but at 
most one point of the arc I, the hyperbolic length of I strictly exceeds its Euclidean length, 
so that areaT' < L. □ 



3. Three-manifold preliminaries 

3.1. When no category is specified, it will be understood that "manifolds" and "sub mani- 
folds" are smooth. At various points in the paper I will need to mention PL or real-analtyic 
manifolds, and in these cases I will be explicit about the category in question. 

As is customary in 3-manifold topology, I will frequently quote results about 3-manifolds that 
are proved in the PL category, and apply them in the smooth category, most often without 
explicitly mentioning the transition. In most cases this will be justified by the following 
facts: 
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(1) If M is a smooth n-manifold and V is a (possibly empty) smooth, properly embed- 
ded submanifold, then M has a smooth triangulation with respect to which V is a 
polyhedral subset. 

(2) Any two smooth triangulations of a given smooth manifold determine the same PL 
structure up to PL homeomorphism. 

(3) If n < 3, and if M and M' are smooth n-manifolds which are PL homeomorphic with 
respect to the PL structures defined by smooth triangulations, then M and M' are 
diffeomorphic. 

Of these facts, (2), and the case of (1) where V = 0, are proved in [37], and (3) is included 
in [27, Theorem 6.3]. I have not located a direct reference for the case of (1) in which 7^0, 
but it is a very special case of the main result of [12]. 

In Section 6 I will use a somewhat different result about the interaction between the PL and 
smooth (or rather real- analytic) categories: 

Proposition 3.2. Suppose that M is a real-analytic manifold and that Xi, . . . , X n are semi- 
analytic sets. Then M admits a smooth triangulation with respect to which Xi, . . . ,X n are 
polyhedral subsets. 

Proof. It is shown in [13] that M is real-analytically isomorphic to a real-analytic submanifold 
M' of R N for some N. If we identify M with M', the sets M,X\, . . . ,X n become semi- 
analtyic subsets of R . The main theorem of of [14] then asserts that R N admits a smooth 
triangulation with respect to which M,X 1 , . . . ,X n are polyhedral subsets. The conclusion 
follows. □ 

Corollary 3.3. Let M be a hyperbolic n-manifold, let p : EI™ — >■ M be a locally isometric 
covering map, and let 8i,...,8k be closed hyperbolic simplices in HP. Then M admits a 
smooth triangulation with respect to which X 1} . . . ,X n are polyhedral subsets. 

Proof. Each 5i may be subdivided into finitely many closed hyperbolic simplices which are 
embedded in M under p. Hence we may assume without loss of generality that the <5« are 
themselves embedded in M under p. In this case the sets p(8i), . . . ,p(8k) are clearly semi- 
analytic in the real analytic structure defined by the hyperbolic structure of M, and so the 
result follows from Proposition 3.2. □ 

I will say that an orientable 3-manifold M is irreducible if M is connected and every (smooth) 
2-sphere in M bounds a (smooth) ball in M. 

Lemma 3.4. Let X be a compact, connected, 3- dimensional submanifold of an irreducible, 
orientable 3-manifold M . Then there is a compact, irreducible, 3- dimensional submanifold 
X\ of M such that X\ D X , and such that the inclusion homomorphism 7r 1 (X ) —> 7r 1 (X 1 ) 
is surjective. 

Proof. Let X denote the set of all compact 3-dimensional submanifolds X of M such that 
X D X and the inclusion homomorphism 7r 1 (X ) — > iri(X) is surjective. We have X 6 X. 
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Let Xi G X be chosen to have the smallest number of boundary components among all 
submanifolds in X. It suffices to show that X\ is irreducible. If S C intXi is a 2-sphere 
then S bounds a ball B C Q. If B (f_ X\, then X\ U B is a compact submanifold of 
Q containing Xi and having fewer boundary components than X\. It is clear that the 
inclusion homomorphism 7Ti(Xi) — > 7Ti(Xi U B) is surjective, and hence that X\ U B G X, a 
contradiction to minimality. □ 

Definitions 3.5. Let M be a, irreducible, orientable 3-manifold. Following the convention 
of [15], I will define an incompressible surface in M to be a compact, properly embedded 
2-manifold in M which if it is 7r!-injective and is not a sphere or a boundary-parallel disk. 

A closed (smooth) 2-manifold 5* in J M is said to be boundary-parallel if S is the frontier of 
a (smooth) submanifold H of M such that the pair (H, S) is diffeomorphic to (S x [0, 1], S X 
{1}). (The definition in the case of a properly embedded surface with non-empty boundary 
would be slightly trickier in the smooth category, but will not be needed in this paper.) 

I will define a Haken manifold to be a compact, irreducible, orientable 3-manifold which 
contains an incompressible surface. Note that according to this definition a 3-ball is not a 
Haken manifold. 

By an essential disk in the irreducible, orientable 3-manifold M I will mean a properly 
embedded disk whose boundary does not bound a disk in dM. I will say that M is boundary- 
irreducible if M contains no essential disk. It follows from the Loop Theorem [15, p. 39, 4.2] 
that M is boundary-irreducible if and only if every component T of dM is 7Ti-injective in M. 

Lemma 3.6. Let N be an irreducible, orientable 3-manifold, let T C int M be a closed 
incompressible surface, and suppose that the inclusion map T — >■ N is homotopic to a map 
of T into dN. Then T is boundary-parallel in N. 

Proof. In the case where N is compact this is included in [35, Lemma 5.3]. To prove it in 
the general case, note that since the inclusion map i : T — > N is homotopic to some map 
/ of T into dN, there is a compact subset X of N, containing T and f(T), such that i is 
homotopic to / in X . After passing to a regular neighborhood we may assume that X is a 
submanifold of N. Accoding to Lemma 3.4, there is a compact irreducible submanifold X\ 
of M such that X\ D X . Applying the compact case of the lemma, with Xx in place of N, 
we deduce that T is boundary parallel in A 1; and hence in N. □ 

Definition 3.7. Let M be an orientable hyperbolic 3-manifold, and let p : H 3 — > M be a 
locally isometric covering map. A Z x 7L-cusp neighborhood in M is a subset C of M such that 
j9 _1 (C) C H 3 is a horoball, and the image of the inclusion homomorphism vr 1 (C) — > 7i"i(M) 
is a free abelian group of rank 2. 

Proposition 3.8. Let M be a hyperbolic 3-manifold. Then 

(1) M is aspherical and irreducible. 

(2) Every incompressible torus T C M is the boundary of a submanifold C of M which 
is closed as a subset of M , is diffeomorphic to T 2 x [0, oo), and has finite volume. 
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(3) For every torus T C M which is not incompressible, either (a) T is contained in a 
3-ball in M , or (b) T is the boundary of a solid torus in M . 

Proof. Write M = M 3 /Y where T C Isom + (EI 3 ) is discrete and torsion-free. Let p : H 3 — > 
M denote the quotient map. Since the universal covering H 3 of M is contractible, M is 
aspherical. To prove that M is irreducible, suppose that S C M is a 2-sphere. Then S lifts 
to a 2-sphere S C H 3 . Since H 3 is diffeomorphic to R 3 , it is irreducible by [26, Theorem 1], 
and so S bounds a ball B C H 3 . For any 7 G Y — {1}, we have Sd'j ■ S = 0. By the Brouwer 
fixed point theorem we cannot have BC'y-B or BD'-f-B, and since H 3 is non-compact 
we cannot have B U 7 • B = H 3 . Hence B fl 7 • B = for every 7 G T — {1}. It follows that 
B := p(B) is a 3-ball with boundary S, and the proof of (1) is complete. 

To prove (2), consider a torus T C M which is incompressible. The image of the inclusion 
homomorphism 717 (T) — > 717 (M) is a rank-2 free abelian subgroup of 717 (M) which is defined 
up to conjugacy, and corresponds to a a rank-2 free abelian subgroup X of T which is also 
defined up to conjugacy. Since T is discrete, X must be parabolic. It is then a standard 
consequence of Shimizu's lemma (see for example [31, Theorem 2.21]) that there is a horoball 
H C H 3 , precisely invariant under T, whose stabilizer Th contains X. In particular Th is 
non-cyclic, and since it is parabolic and torsion-free it must be a rank-2 free abelian group. 
Hence Co '■— H/Y is a Z x Z-cusp neighborhood. After possibly replacing Co by a smaller 
Z x Z-cusp neighborhood, we may assume that Co fl T = 0. Since X < Yh, and since M is 
aspherical by ( 1 ) , the inclusion map of T into M is homotopic in M to a map whose image 
is contained in Co- This inclusion map is therefore homotopic in M — Co to a map whose 
image is contained in dCo- It now follows from Lemma 3.6, applied with N = M — Co, that 
T is boundary-parallel in M — Co] that is, there is a submanifold P of M, diffeomorphic 
to T 2 x [0, 1], such that dP = T U dC and P n C Q = dC . Since C is diffeomorphic to 
T 2 x [0, 00), the submanifold C := C UP, which is closed as a subset of M and has boundary 
T, is also diffeomorphic to T 2 x [0,oo). Furthermore, since Co has finite volume and P is 
compact, C also has finite volume. 

To prove (3), consider a torus T C M which is not incompressible. In this case, by [15, 
Lemma 6.1], there is a disk D C int M such that D D T = dD, and 3D is a non-trivial, and 
hence non-separating, curve on T. Let E be a 3-ball containing D, such that A := E fl T is 
an annular neighorhood of <9D in T, and A C BE. Then S 1 := (T U — int A is a 2-sphere 
which must bound a 3-ball B C M, since M is irreducible by (1). We must have either 
E G B or E C\ B = {BE) — A. In the first case we have T C B, and (ii) holds. In the second 
case, J := E U B is a solid torus since M is orientable, and dJ = T, so that (b) holds. 

□ 

The following well-known consequence of the sphere theorem is included, for example, in [11, 
Theorem 8.2]: 



Proposition 3.9. An irreducible 3-manifold with infinite fundamental group is aspherical. 
□ 
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The following two facts about 3-manifolds are well-known, but I have supplied proofs for 
completeness. 

Proposition 3.10. Let N be a compact, irreducible, orientable 3-manifold such that every 
component of dN is a torus. If N is boundary-reducible then it is a solid torus. 

Proof. I will prove the corresponding statement in the PL category (see 3.1). Let N be a 
compact, irreducible, orientable PL 3-manifold such that every component of dN is a torus. 
If N is boundary-reducible, it contains an essential disk D. By hypothesis the component of 
dN containing dD is a torus T. If E denotes a regular neighborhood of D in N, then the 
component of d(N — E) that meets T is a 2-sphere. By irreducibility follows that iV — E is 
a ball, so that N is a solid torus. □ 

Proposition 3.11. Suppose that M is an irreducible, orientable 3-manifold. Then there is 
a compact, irreducible submanifold N of M such that the inclusion homomorphism -K\ (N) — > 
Ti\{M) is an isomorphism. 

Proof. According to [30], there is a compact submanifold iVo of M such that the inclu- 
sion homomorphism tti(N ) — > 7i"i(M) is an isomorphism. By Lemma 3.4, there is a com- 
pact irreducible submanifold iV of M such that N D N , and the inclusion homomorphism 
^i(Nq) — > tti(N) is surjective. It follows that the inclusion homomorphism 7Ti(N) — > tti(M) 
is an isomorphism. □ 

I will make use of the characteristic submanifold theory [17], [18]. The information that I 
will need is summarized in the following statement: 

Proposition 3.12. Let M be any Haken manifold. Then there is there is a Seifert-fibered 
manifold X C int M , such that each component of <9E in incompressible in M , and having 
the following property: if f : T 2 — >■ M is any map such that f$ : 7Ti(T 2 ) — > tti(M) is infective, 
then f is homotopic to a map g : T 2 intM such that g(T 2 ) C E. 

Proof. According to the statement of the Characteristic Pair Theorem on page 138 of [17], 
and the discussion of the case T = following that statement, there is a Seifert-fibered 
manifold E C int M, such that each component of <9E is incompressible in M, and having 
the following property: if S is any Seifert fibered space, and F : S — > M is any map which 
is nondegenerate (in the sense defined on p. 55 of [17], taking T = T = 0), then F is 
homotopic to a map whose image is contained in S. Now if / : T 2 — > M is any map such 
that /jj : vti(T 2 ) — > iri(M) is injective, and if we let q : T 2 x [0, 1] — > T 2 denote the projection 
to the first factor, it follows immediately from the definition that / o q is a nondegenerate 
map of the Seifert fibered manifold T 2 x [0, 1] into M. Hence / o q is homotopic to a 
map of T 2 x [0, 1] into M whose image is contained in S, and so / is homotopic to a map 
g : T 2 int M such that g(T 2 ) C E. □ 

(It may be shown that the submanifold X given by Proposition 3.12 is unique up to ambient 
isotopy in M, but I will not need this fact. Note that although E C intQ, every torus 
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component T of dQ which is 7Ti-injective in M is "parallel" to a component of <9£. One may 
think of £ is an "absolute" characteristic submanifold of Q which "carries essential singular 
tori," as distinguished from the "relative" characteristic submanifold which is defined only 
when Q is boundary-irreducible, and carries both essential singular tori and essential singular 
annuli.) 

The next two results, Propositions 3.13 and 3.14, are closely related to Theorem VI. 4.1 of 
[17]. They are both essentially topological results, although I have found it more convenient 
to state Proposition 3.14 in the setting of hyperbolic 3- manifolds. 

Proposition 3.13. Let N be a compact, irreducible, orientable 3-manifold such that 7Ti(N) 
has rank 2 and is not free. Then each component of dN is a torus. 

Proof. If N is closed, there is nothing to prove. If dN ^ then iV has the homotopy type 
of a connected finite CW complex K of dimension at most 2. We may take K to have only 
one 0-cell. Let m and n denote, respectively, the numbers of 1-cells and 2-cells of K. Then 
Tt\{K) has a presentation with m generators and n relations. By definition, the deficiency 
of this presentation is m — n. It is shown in [22] that if if k is a positive integer, a finitely 
presented group that has rank k and has a presentation of deficiency at least k must be free. 
Since tti(K) = 7Ti(N) has rank 2 and is not free, the deficiency m — n must be at most one. 
This gives 

l - X {dN) = X {N) = X {K) = 1 - m + n > 0. 

Note that if some component of dN were a sphere then by irreducibility N would be a ball, 
which is impossible since 7i"i(iV) has rank 2. Thus dN is a closed, orientable 2-manifold with 
no sphere components and x(N) > 0. Hence every component of dN is a torus. □ 

Proposition 3.14. Let M be a hyperbolic 3-manifold of infinite volume. Then every two- 
generator non-abelian subgroup o/tti(M) is free. 

Proof. Let X < TTi(M) be a two-generator non-abelian subgroup. Then X = ttx(M) for some 
covering space M of M. Since M is irreducible by Assertion (1) of Proposition 3.8), it follows 
from [23, p. 647, Theorem 3] that M is irreducible. By Proposition 3.11, there is a compact, 
irreducible submanifold N of M such that the inclusion homomorphism 7Tx(N) — > 7Ti(M) is 
an isomorphism. If X = ni(N) is not free, then it follows from Proposition 3.13 that every 
component of dM is a torus. Since tti(N) = X is non-abelian by hypothesis, N is not a solid 
torus; hence by Proposition 3.10, N is boundary-irreducible. If T is any component of dN, 
it follows that T is 7Ti-injective in N, and therefore in M as well. Hence by Assertion (2) of 
Proposition 3.8, T is the boundary of a submanifold Ct of M which is closed as a subset of 
M, is diffeomorphic to T 2 x [0, oo), and has finite volume. Since tci(N) is non-abelian, and 
since the inclusion homomorphism tti(N) — > 7i"i(M) is in particular injective, we cannot have 
Ct D for any T. Hence we must have Ct (1 N = T for each T, so that M = N U |J T Ct- 
But this implies that M has finite volume, a contradiction. □ 

The following result has direct relevance to estimating Margulis numbers, and its corollaries 
were mentioned in the introduction. 
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Proposition 3.15. Let x and y be non- commuting elements o/Isom + (EI 3 ) such that (x,y) 
is discrete and torsion-free and has infinite covolume. Then for every P el 3 we have 

max(d(P,x-P),d{P,y-P)) > log 3. 

Proof. Set T = (x,y). Proposition 3.14, applied to the hyperbolic 3-manifold M = H 3 /r, 
shows that T is free. The conclusion now follows from the case k = 2 of [2, Theorem 4.1]. □ 

Corollary 3.16. Let M be an orientable hyperbolic 3-manifold such that every subgroup of 
rank at most 2 in tti(M) has infinite index. Then yu(M) > log 3 = 1.09 .... 

Proof. Write M = H 3 /r, where T < Isom + (EI 3 ) is discrete and torsion-free. Let x and y be 
non-commuting elements of T. The hypothesis implies that (x, y) has infinite index in T, and 
hence has infinite covolume. By Proposition 3.15, it follows that max(<i(P, x-P), d(P, y-P)) > 
log 3 for every P G H 3 . Hence log 3 is a Margulis number for M. □ 

Corollary 3.17. Let M be an orientable hyperbolic 3-manifold such that either Hi(M\Q) 
has rank at least 3, or M is closed and £fi(M;Z p ) has rank at least 4 for some prime p. 
Then fi{M) > log 3. 

Proof. If Hi(M; Q) has rank at least 3, it is clear that every subgroup of rank at most 2 in 
7Ti(M) has infinite index. If M is closed and Hi(M; Z p ) has rank at least 4 for some prime 
p, then by [34, Proposition 1.1], it is again true that every subgroup of rank at most 2 in 
tti(M) has infinite index. Hence the result follows from Corollary 3.16. □ 

4. AN ABSTRACT BOUND FOR vol M WHEN /i(M) < log 3, AND ITS CONSEQUENCES 

Let (p n )n>i be a sequence of representations of a group X in Isom + (EI 3 ). Recall that the 
sequence (p n ) is said to converges algebraically to a representation p^ of X in Isom + (IHI 3 ) if 
we have p n (l) Poo (7) for every 7 G X. 

Recall that a subgroup of Isom + (EI 3 ) is said to be elementary if it has an abelian subgroup 
of finite index. According to [32, Proposition 2.1], every torsion-free, elementary, discrete 
subgroup of Isom + (EI 3 ) is abelian. 

I will give an explicit proof of the following fact, which is implicit in [20]. 

Lemma 4.1. Let (p n ) n >i be a sequence of representations of a finitely generated group $ in 
Isom + (EI 3 ). Suppose that p n (®) is discrete, non- elementary and torsion-free for each n G N. 
Then there is a neighborhood W of the identity in Isom + (EI 3 ) such that T n D W = {1} for 
every n G N. 

Proof. If the conclusion is false, there is a sequence of elements (x n ) n >i of $ such that 
Pn{xn) 7^ 1 for n — 1, 2, . . . but p n (x n ) — > 00 as n — > 00. Since p n {®) is a non-abelian, 
torsion-free, discrete subgroup of Isom + , it has trivial center. In particular p n (x n ) 7^ 1 is 
non-central in p n {&) for each n G N. Hence if S is a finite generating set for <3>, then for each 
n G N there is an element s n G S such that p n (x n ) and p n (s n ) do not commute. Since S is 
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finite, we may assume after passing to a subsequence that the s n are all the same element 
of S, say s. 

For each n G N, the group T n := (p n (x n ), p n ( s )) is contained in p n ($), and is therefore 
discrete and torsion-free. Since p n (x n ) and p n {s) do not commute, Y n is non-abelian, and 
is therefore non-elementary by [32, Proposition 2.1]. If X n and Y n are elements of SL 2 (C) 
representing p n (x n ) and p n (s) respectively, it then follows from Jorgensen's inequality [20, 
Lemma 1] that 

(4.1.1) |(traceX n ) 2 - 4| + | trace^Y^ 1 ^ 1 ) - 2| > 1 

for each n G N. As n — > oo we have p n (x n ) — > 1, while p n (s) — > Poo(s), where p^ denotes 
the algebraic limit of the sequence (p n ). After passing to a subsequence we may therefore 
assume that X n — > ±1 and that the sequence (Y n ) has a limit. Hence X n Y n X~ l Y n — > /. It 
follows that the left hand side of (4.1.1) converges to as n > oo, a contradiction. □ 

The following result was stated in the introduction as Theorem A. 

Theorem 4.2. Let X be a positive real number strictly less than log 3. Then there is a 
constant V\ such that for every orientable hyperbolic 3-manifold M with p(M) < X we have 
volM < V\ (and in particular volM < oo). 

Proof. It follows immediately from Proposition 3.15 that if M is any orientable 3-manifold 
of infinite volume then log 3 is a Margulis number for M, so that p(M) > log 3 > A. Hence 
if suffices to show that there is a constant V\ such that for every orientable hyperbolic 
3-manifold M with oo > vol M > V\ we have p(M) > X. 

We reason by contradiction. Assume there is a sequence (M n ) n > x of orientable finite-volume 
hyperbolic 3-manifolds such that volM n — > oo and p(M n ) < A, i.e. no M n admits A as a 
Margulis number. 

For each n write M n = EI 3 /r n for some torsion-free cocompact discrete subgroup T n of 
Isom + (EI 3 ). Then, by definition, for each n there exist non-commuting elements x n ,y n G T n 
and a point P n G H 3 such that 

max(d(P n , x n ■ P n ), d(P n , y n ■ P n )) < X. 

After replacing each T n by a suitable conjugate of itself in Isom + (EI 3 ), we may assume that 
the P n are all the same point of H 3 , which I will denote by P. Thus for each n we have 

(4.2.1) max(rf(P, x n ■ P), d(P, y n ■ P)) < X. 

For each n, set T n := (x n ,y n ) and M n := HI 3 /T„. Note that T n is discrete and torsion- 
free since T n is, and that T n is non-abelian — and hence non-elementary by [32, Proposition 
2.1] — since x n and y n do not commute. 

Since A < log3, it follows from (4.2.1) and Proposition 3.15 that volM n < oo. On the other 
hand, M n covers M n , and hence volM n > volM n . In particular, volM n — > oo. 
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It follows from (4.2.1) that the x n and y n lie in a compact subset of Isom + (EI 3 ). Hence, 
after passing to a subsequence, we may assume that the sequences (x n ) and (y n ) converge 
in Isom + (EI 3 ) to limits Xoo and y^. Again by (4.2.1), we have 

(4.2.2) max(rf(P, x^-P), d(P, Voo ■ P)) < A. 

For 1 < n < oo we define a representation p n of the rank-2 free group F 2 = (£, if) by 
Pn(0 = x n , Pn(v) = Vn- Thus p n (F 2 ) = Y n for each n. Since £ and rj generate F 2 , and since 
Pn(0 Poo (0 and p n {rj) ->■ Poo(??) as n -)■ oo, we have p n (7) -)> Poo(7) for every 7 G F 2 . By 
definition this means that the sequence (p n ) converges algebraically to poo. Set = Poo(£); 

2/oo = Poo(??)- 

Let -D denote the set of representations of F 2 in Isom + (EI 3 ) whose images are discrete, 
torsion-free, and non-elementary. According to [32, Theorem 2.4] (a theorem essentially due 
to T. Jorgensen and P. Klein [21]), the limit of any algebraically convergent sequence of 
representations in D is again in D. Hence p^ G D. Thus := poo(F 2 ) = (loo,^) is a 
discrete group. 

According to [19, Proposition 3.8], since (p n ) converges algebraically, the sequence of discrete 
groups (r n ) has a geometrically convergent subsequence (in the sense defined in [19]). Hence 
without loss of generality we may assume that (T n ) converges geometrically to some discrete 
group Too. It then follows, again from [19, Proposition 3.8], that < Too. 

According to Lemma 4.1, there is a neighborhood W of the identity in Isom + (EI 3 ) such that 
r„(llf = {1} for every n G N. Let E denote the set of all torsion-free subgroups A of 
Isom + (EI 3 ) such that Ar\W = {1}. (In particular each group in E is discrete.) According to 
[7, Theorem 1.3.1.4], E is compact in the topology of geometric convergence. Since r n G E 
for each n G N, we have G E. In particular is torsion-free. We let denote the 
orientable hyperbolic 3-manifold H 3 /r oo . 

Since (Y n ) converges geometrically to Too, the sequence of orientable hyperbolic 3- manifolds 
(M n ) converges geometrically to ¥«, in the sense of [5, Chapter E]. If voIMqo were finite, it 
would then follow from [5, Proposition E.2.5] that the sequence (volM n ) had the finite limit 
vol Mqo, which contradicts volM n — > 00. Thus := H 3 /p 00 (F 2 ) is a hyperbolic 3-manifold 
of infinite volume. It therefore follows from Proposition 3.15 that 

max(rf(P,Xoo • P),d(P,y 00 ■ P)) > log 3. 

But this contradicts (4.2.2). □ 

The following two corollaries of Theorem 4.2 were also pointed out in the introduction. 

Corollary 4.3. Let X be a positive real number strictly less than log 3. Then there is a 
there is a natural number d\ such that for every orientable hyperbolic 3-manifold M with 
p(M) < A ; the group 7Ti(M) has a rank-2 subgroup of index at most d\. 
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Proof. Let v denote the infimum of the volumes of all hyperbolic 3-manifolds; we have v > 0, 
for example by [24, Theorem 1]. Let V x be a positive real number having the property stated 
in Theorem 4.2, and set 

Suppose that M is an orientable hyperbolic 3-manifold such that /x(M) < A, i.e. such that A 
is not a Margulis number for M. Write M ro = HI 3 /T, where F < Isom + (EI 3 ) is discrete and 
torsion-free. Then by definition there exist a point P e H 3 and non-commuting elements 
x, y G T such that 

(4.3.1) max(d(P, x-P), d(P, y ■ P)) < A. 

Since x and y are non-commuting elements of T, it follows from (4.3.1) that A is not a 
Margulis number for M, i.e. that fi(M) < A. Hence oo > volM < V x < oo, and since M 
covers M we have volM < oo. Since volM > v, we find that 

rT ^ ~ volM V x 

r : r = < — . 

L J volM - v 

It follows that [r : r] < d\, so that T = 7Ti(M) has a rank-2 subgroup of index at most 
d x . □ 

Corollary 4.4. Let X be a positive real number strictly less than log 3. Then there is a 
natural number k\ such that for every orientable hyperbolic 3-manifold M with fi(M) < X, 
the group tti(M) has rank at most k\. 

Proof. Let d\ be a natural number having the property stated in Corollary 4.3. Set k x = 
2 + Llog 2 c?Aj- If M is an orientable hyperbolic 3-manifold with /i(M) < A, then the group 
T = 71"! (M) has a rank-2 subgroup T of index at most d\. According to Proposition 2.2, we 
have 

rankT < rankf + log 2 [r : f ] < 2 + d x 
and hence 7i"i(M) = T has rank at most k x . □ 

5. Margulis numbers and short relations 

Notation 5.1. Let A be a real number < A < (log3)/2. Then for any sufficiently large 
positive integer N we have 

3^-1 

(5.1.1) 4N+1 ~ 2667 ( sinh ( 2iVA + - 104 ) - ( 2NX + - 104 ))- 

(The natural logarithm of the left hand side of (5.1.1) is asymptotic to iVlog3, whereas the 
natural logarithm of the right hand side is asymptotic to 2iVA > iVlog3.) 

I shall denote by N(X) denote the smallest positive integer iV for which (5.1.1) holds. 



Here is one simple estimate of N(X): 
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Proposition 5.2. Let A G (0.1, (log3)/2) be given, and set (3 = l/((log3) - 2A). Then 
(5.2.1) N(X) < 1 + 110/3 log /3. 

Proof. Since A > 0.1 we have > l/((log3) — 0.2) > 1.11. Hence the right hand side of 

(5.2.1) is bounded below by 1 + (110)(l.ll)(log 1.11) = 13.7. . .. We may therefore assume 
without loss of generality that N(X) > 14. 

Set n = N(X) — 1 > 13. From the definition of N(X) we have 

3 n — 1 

(5.2.2) < 2667(sinh(2nA + .104) - (2nX + .104)). 

An + 1 

Since in particular we have n > 3, the left hand side of (5.2.2) is bounded below by 3 n /5n. 
The right hand side is obviously bounded above by 2667exp(2nA + .104)/2. Hence 

2667 

3 n < -y- ■ 5n ■ exp(2nA + .104) < 7400ne 2n \ 
which upon taking logarithms and using the definition of /3 gives 

(5.2.3) n < /31og(7400n). 

Now suppose that (5.2.1) is false, so that n > 110/3 log (3. Define a function g(x) for x > 
by g(x) = xj log (7400a;). Then g(x) is monotone increasing for x > e/7400, and since 
n > 110/3 log $ > 12.7, we have g(n) > g{110/3 log (3). With (5.2.3) this gives 

110/31og/3 n ^ 



log(7400 • 110/3 log p) ~ log(7400n 
so that 

110 log p < log 7400 + log 110 + log p + log log /3 < 13.61 + log /3 + log log /3, 

i.e. 

(5.2.4) 109 log/3 -log log p < 13.61. 

On the other hand, the function h(x) := 109x — logx is monotonically increasing for x > 
1/109. Since log/3 > log 1.11 = 0.104 ... > 1/109, we have 

109 log P - log log p = h(\og (3) > h{log 1. 11) = 13.63 ... , 

which contradicts (5.2.4). □ 

Proposition 5.3. Let M be an orientable hyperbolic 3 -manifold, and write M = H 3 /r, 
where F < Isom + (EI 3 ) is discrete and torsion-free. Let A < (log3)/2 be given, and let x and 
y be non-commuting elements of T such that max(d(P, x ■ P),d(P, y ■ P)) < A. Then there is 
a reduced word W in two letters, with < length W < 8N(X), such that W(x,y) = 1. (Here 
N(X) is defined by 5.1.) 

Proof. Set fi = 0.104. I pointed out in the introduction that according to [24], we have 
H < yU+(3); that is, \i is a Margulis number for every orientable hyperbolic 3-manifold. Set 
N = N(X). 
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Since /i is in particular a Margulis number for M, the elements 7 G T such that d{^-P, P) < fi 
generate an abelian subgroup C of T. 

Let F 2 denote a free group on two (abstract) generators £ and rj. We identify F 2 with the 
set of all reduced words in £ and 77, so that V(£, 77) = V for every reduced word V. Let 

: F 2 — )• T denote the unique homomorphism such that 0(£) = 2 and (j)(rj) = y\ then 
0( V) = V(x, y) for every reduced word V. 

For every positive integer n, let V n C F 2 denote the set of all reduced words of length at 
most n in £ and 77. If m and n are positive integers, then for all V G V m and V G V„, we 
can concatenate V and V and then reduce the resulting word to obtain a reduced word of 
length at most m + n representing the product W in F 2 . Hence 

(5.3.1) V TO V n C V m+n for all m, n > 0. 
Note also that 

(5.3.2) V" 1 = V n for every n > 0. 

For any > 0, the number of reduced words in £ and 17 of length exactly k is 4 • 3* -1 . 
Summing from = 1 to = n, we deduce that 

(5.3.3) #(V„) - 1 = 2(3 n - 1) for every n > 1. 

1 will assume that: 

(5.3.4) 0(W) ^ 1 for every W/ G V 8JV - {1}. 

Under the assumption (5.3.4) I will derive a contradiction, thereby proving the proposition. 
Assuming (5.3.4), I claim: 

(5.3.5) #(Viv n (j)~\lC)) < AN + 1 for any left coset 7 C7 of C in T. 

To prove (5.3.5) I will first consider the special case in which cf)~ l {C) D VW = {!}• in this 
case, if V and V are elements of fl _1 (7C) for a given left coset 7 C of C in T, we 
have Z7 := V~ 1 V / G _1 (C); but by (5.3.1) and (5.3.2) we have U G V 2 n- The assumption 
<fi~ l (C) PI V2at = {1} then implies that U = 1 and hence that V = V. Hence in this case we 
have #(Vjv H _1 ( 7 C)) < 1, which is stronger than (5.3.5). 

Hence in proving (5.3.5) we may assume that _1 (C) fl V 2 n 7^ {1}- Of course we may also 
assume that VArn</> _1 ( 7 C) 7^ 0. Let us fix an element Uq ^ 1 of 4>~ 1 (C)nV 2 N and an element 
V\ of Vn H _1 ( 7 C). Let C denote the centralizer of [To in F 2 ; then C is cyclic, since F 2 is 
free and Uq 7^ 1. 

Let us define an injective map J : Vjvn</> _1 ( 7 C) — > F 2 by J(V) = V~ 1 Vi. Since Vi G </> _1 (7C), 
we have J(V) G (j)~ l {C) for eveT J V eV N n ^(^C). Since Vi G VW, it follows from (5.3.1) 
and (5.3.2) that J(V) G V 2N for every V G Vjy H _1 ( 7 C). Thus J maps Viv n ^(t^) into 

v 2N n ( f>- 1 (C). 

Let V G Vivn^-^C) be given. Since £/" , J(V) G _1 (C), we have (f)(J(V)U JiV)' 1 ^ 1 = 1. 
Since J(y) and C/ belong to V 2JV , it follows from (5.3.1) and (5.3.2) that J(y)[/o J^)- 1 ^" 1 G 
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V SN . Applying (5.3.4) with W = J^UoJiV)- 1 ^ 1 ) we deduce that W = 1, i.e. that J(V) 
commutes with Uq. This means that J{V) G C. 

Thus J is an injection from Vn^^^C) to V 2 n^C, and so #(Vjvn0 -1 (7C)) < #(V 2 jvnC). 
But according to Lemma 2.1, appplied with k = 2N and with Z = C, we have #(V2at n(7) < 
4iV + 1. Thus (5.3.5) is established. 

Now let £ denote the set of all left cosets of C in T, and define a map ip : F 2 — > C by 
■0(1/) = <f)(V)C. We may then paraphrase (5.3.5) by saying that the fibers of the surjection 
4>\Vn '■ — > ^(Vjv) have cardinality at most 4iV + 1. If we set r = #(V ; (Vat)), it follows 
that r > #(Vjv)/(4A^ + 1). Combining this with (5.3.3), we find that 

(5.3.6) r> 2P"-l) 



4AT+ 1 



Let 6 denote the open ball of radius /i/2 centered at P, and let B denote the ball of radius 
iVA + (/i/2) centered at P. We have 

(5.3.7) vol b = 7r(sinh(/i) - /i) = 0.000589 . . . 
and 

(5.3.8) vol B = 7r(sinh(2iVA + /t) - (2iVA + /t)). 

Since c?(x ■ P,P) < A and <i(?/ ■ P,P) < A, and since x and ?/ are isometries, we have 
d((j){V) -P,P)= d{V{x,y) -P,P)< NX for every V G V N . It follows that 

(5.3.9) <f)(V) ■ b C B for every V G Vat- 

According to the definition of r, there are elements ji,...,j r of 0(Vat) which represent 
distinct left cosets of C in 7. From (5.3.9) we have 

(5.3.10) 7i-6cSfori = l,...,r. 

If i and j are distinct indices in {1, . . . , r} we have 7j 7l 7i ^ C, which by the definition of C 
gives ^(7^ • P, ■ P, P) = d{^j l ^i ■ P, P) > /i, so that 

(5.3.11) 7i • 6 fl 7j • 6 = for all distinct indices i and j in {1, ... , r}. 

From (5.3.10) and (5.3.11) it follows that r vol 6 < volB. Combining this with (5.3.6), (5.3.7) 
and (5.3.8), we obtain 

2(3^-1) vol B 

— < r < 

4iV+ 1 ~ volfe 

< 7r(sinh(2iVA + /i) - (2A^A + /i))/0. 000589 

< 5334(sinh(2iVA + /t) - (2iVA + /t)) 

which is a contradiction, since by definition (5.1.1) holds with N = N(X). □ 
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6. From a short relation to a volume bound 

The main result of this section is Proposition 6.6. As I mentioned in the introduction, 
the basic method of proof of that proposition is due to Cooper [8]. Among the several 
preliminaries results needed to apply Cooper's method in the present situation, Lemma 6.3 
is the deepest, while Proposition 6.2 seems to be of particular independent interest. 

Lemma 6.1. Let N and Q be irreducible, orientable 3-manifolds. Suppose that tti(N) is 
isomorphic to a subgroup of Tti(Q) and that N is closed. Then either Q is closed, or N is 
simply connected. 

Proof. First consider the case in which tti(N) is infinite. In this case tti{Q) is also infinite, 
and Q and iV are aspherical by Proposition 3.9. Fix a base point q in Q and a subgroup J of 
7Ti(Q,q) isomorphic to tti(N), and let (Q,q) denote the based covering of (Q,q) determined 
by J. Since N and Q are aspherical and have isomorphic fundamental groups, they are 
homotopy-equivalent. If Q is not closed then Q is not closed, and hence H 3 (Q;Z) = 0. But 
H^N^Tj) ^ since N is closed, and we have a contradiction to the homotopy-equivalence 
of Q and N. Hence in this case Q must be closed. 

Now consider the case in which tti(N) is finite. In this case I will assume that 7r 1 (A r ) is 
non-trivial and show that Q is closed, thus establishing the conclusion. The assumption that 
7Ti(iV) is finite and non-trivial implies that 7r 1 (Q) has torsion, and so Q cannot be aspherical 
[11, Lemma 8.4]. By Proposition 3.9, 7ii(Q) is finite. We apply Proposition 3.11, letting Q 
play the role of M in that proposition. This gives a compact, irreducible sub manifold Qo of 
Q such that the inclusion homomorphism ~Kx{Qo) — » tti{Q) is an isomorphism. In particular, 
KiiQo) is finite, so that Hi(Q ; Q) = 0, and hence every component of dQo is a sphere (for 
example by [32, Proposition 2.2]). Since Qo is irreducible it follows that either dQo = or 
Qo is a ball. In the latter case the hypothesis gives tti(N) = {1}, a contradiction. Hence 
dQo = 0, which implies that Q = Q and that Q is closed. □ 

Proposition 6.2. Let N and Q be irreducible, orientable 3-manifolds (possibly with bound- 
ary). Suppose that N is compact, that iti(N) is non-cyclic and that every component of dN 
is a torus. Let h : iV — )■ Q be a map such that h$ : 7Ti(iV) — > 7t~i(Q) is injective. Then there 
exist a compact submanifold Q of Q such that every component of dQo is a torus, and a 
map h : iV — )■ Q homotopic to h, such that ho(N) C Qo- 

Proof. First note that since iV is irreducible, tti(N) is non-cyclic, and every component of 
dN is a torus, it follows from Proposition 3.10 that iV is boundary-irreducible. 

First consider the case in which iV is closed. Note that since h$ is injective, tci(N) is 
isomorphic to a subgroup of tti(Q). Since ni(N) is non-cyclic, it then follows from Lemma 
6.1 that Q is closed. Hence the conclusion holds in this case if we set Qo = Q- 

Next consider the case in which dN ^ and Q is compact. Let us fix a Seifert-fibered space 
S C intM having the property stated in Proposition 3.12. Let us denote by J the union of 
all components C of Q — E such that dC C <9£. 
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In this case I will set Qo = J U E, so that every component of dQo is a torus, and I will 
construct a map ho '■ N — >■ Q, homotopic to h, such that ho(N) C Qo. 

Consider an arbitrary component T of dN. By hypothesis T is a torus. Since N is boundary- 
irreducible, T is 7Ti-injective in N. Since h$ : 7Ti(N) — > tti(Q) is injective it follows that 
(h\T)$ : 7Ti(T) — > 7Ti(Q) is injective. It then follows from the property of E stated in 
Proposition 3.12 that h\T : T — > Q is homotopic to a map whose image is contained in E. 
Since this is true for each component T of dN, it follows that h\dN is homotopic to a map 
g : ON — > Q such that g(dN) C int E. By the homotopy extension property of polyhedra, g 
extends to a map from N to Q which is homotopic to h. 

It follows from [15, Lemma 6.5] that we can choose an extension hi : N — > Q of g, homotopic 
to h, so that hi is transverse to <9E and so that each component of /i|f 1 (9E) is incompressible. 
Since h x (dN) = g(dN) c int E, we have h^(dT) C int AT. 

I claim: 

6.2.1. If K is a component of h^ 1 (Q — Qo), then hi\K is homotopic rel dK to a map hx 
with hx{K) C <9E. (In particular hi(dK) C dH.) 

To prove 6.2.1, consider a component K of h^ 1 (Q — Qo), and let C denote the component 
of Q — Qo containing h\(K). Since h\ is transverse to <9E and maps dN into int E, we have 
hi{dK) cCfl <9E. In particular h\\K : K — > C is a boundary-preserving map. 

Every component of the frontier of K in iV is a component of h^ 1 (d'E) and is therefore 
incompressible in N. Hence K is 7Ti-injective in N. On the other hand, h§ : tti(N) — > 7Tx(Q) 
is injective by hypothesis, and since hi and h are homotopic, (hi)$ : iri(N) —> tti(Q) is 
also injective. This shows that (hi\K)$ : 7r 1 (fC) — > iri(Q) is injective, and so in particular 
(hi\K)$ : 7Ti(K) 7Ti(C) is injective. 

Since iV is irreducible and boundary-irreducible, and since we have observed that the com- 
ponents of the frontier of K in N are incompressible, the manifold K is also irreducible 
and boundary-irreducible. Since the components of dN are tori and the components of the 
frontier of K are incompressible, dK has no sphere components. Since dN ^ 0, we have 
dK 7^ 0. According to [15, Lemma 6.7], it follows that if is a Haken manifold. Since K 
is boundary-irreducible it is not a solid torus. It now follows from [15, Theorem 13.6] that 
every boundary-preserving map from K to C which induces an injection of fundamental 
groups is homotopic rel dK either to a covering map or to a map whose image is contained 
in dC. 

Suppose that h\\K : K — > C is homotopic rel dK to a covering map. Then in particular we 
have h(dK) = dC. Since we have seen that hi(dK) C C fl <9E, this implies that dC C <9E, 
which by the definition of Qo implies that C C Qo- This is a contradiction, since C is a 
component of Q — Qo- Hence hi\K : K — > C is homotopic rel dK to a map whose image is 
contained in dC. Since hi(dK) C C fl<9E, it follows that we in fact have hx{dK) C C fl<9E. 
This proves 6.2.1. 
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We may now define a map ho : N — » Q by letting ho agree with hi on (Qo) ; and setting 
h \K = hx for each component K of h\ (Q — Qo)- It is immediate from the properties of 
the hx stated in 6.2.1 that h^ is well-defined, is homotopic to hi (and hence to h), and maps 
N into Qq. This establishes the conclusion in this case. 

There remains the case in which dN ^ and Q is non-compact. In this case, fix a com- 
pact submanifold Rq of Q containing h(N). By Lemma 3.4, there is a compact irreducible 
submanifold R of M such that R D Ro. The hypotheses of the propositon continue to hold 
if Q is replaced by R. As R is compact, the case of the proposition already proved gives a 
compact submanifold Qq of R C Q such that every component of OQq is a torus, and a map 
h : N R homotopic to h in i? (and hence in Q), such that ho(N) C Qo- D 

Although it is convenient to state the following result in the hyperbolic setting, the proof is 
essentially topological. 

Lemma 6.3. Let M be a hyperbolic 3-manifold, let K be a compact, path- connected space 
such that 7ti(K) has rank 2 and is not free, and let f : K — >■ M be a continuous map such 
that /jj : 7i"i (If) — >■ 7i"i(M) is surjective and f(K) C M is a polyhedron with respect to some 
C 1 triangulation of M . Then for each component C ofM-f(K), the image of the inclusion 
homomorphism 7Ti(C) — > 7i"i(M) is abelian. 

Proof. We may assume that vri(M) is non-abelian, as otherwise the conclusion is obvious. 

We fix a PL structure on M, defined by a C 1 triangulation, in which f(K) is a polyhedron. 

For the purpose of this proof, a compact polyhedron in M will be termed "small" if it is 
contained in a 3-ball in M. Let R be a regular neighborhood of f{K) in M. Let Q denote 
the union of R with all small components of M — R. Then no component of M — Q is small. 
If S is any 2-sphere in intQ, then S bounds a 3-ball B C M, since M is irreducible by 
Assertion (1) of Proposition 3.8. If B <£ Q, then B contains a component of M — Q, which 
by definition must be small, a contradiction; hence B C Q. This shows that Q is irreducible. 

Fix a base point x E K, and set q — f(x) E f{K) C R C Q. We may regard / as a map 
from the based space (K,x) to the based space (Q,q). Let / < iri(Q,q) denote the image 
of the homomorphism /j : tti(K,x) — > 7ii(Q,q). Then / determines a based covering space 
p : (Q, g) —> (Q, q), and there is a unique lift / : K — > Q such that f(x) — q. If i : Q — >• M 
denotes inclusion, we have a commutative diagram 



According to the hypothesis, /o oijj is surjective, and hence by commutativity of the diagram, 
H°P$ '■ ^liQjQ) — ► 7Ti(ikf, g) is surjective. Since 7Ti(M) is non-abelian, it follows that 7Tx(Q) 
is non-abelian, and in particular non-cyclic. On the other hand, the construction of (Q, q) 



TTi(K,x) 




>tti(M, g). 
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implies that /jj is surjective. Thus the non-cyclic group 7Ti(Q) is a homomorphic image of 
tti(K), which by hypothesis is a non-free group of rank 2. It follows that vr 1 (Q) is also a 
non-free group of rank exactly 2. 

Since Q is irreducible, it follows from [23, p. 647, Theorem 3] that Q is irreducible. We 
now apply Proposition 3.11, letting Q play the role of M in that proposition. This gives a 
compact, irreducible submanifold N of Q such that the inclusion homomorphism tti(N) — > 
71"! (Q) is an isomorphism. In particular, 71"! (iV) is a non-free group of rank exactly 2. Hence 
by Proposition 3.13, each component of dN is a torus. 

Set h = p\N : N — > Q. Since p% : 7Ti(Q) — > tt^Q) is injective, and since the inclusion 
homomorphism 7Ti(N) — > ^i(Q) is an isomorphism. We have seen that N and Q are compact, 
irreducible, orientable 3-manifolds that iri(N) has rank 2, and is in particular non-cyclic; 
and that every component of dN is a torus. Thus all the hypotheses of Proposition 6.2 hold. 
The latter proposition now gives a compact submanifold Qo of Q such that every component 
of dQo is a torus, and a map h : N — )■ Q homotopic to h, such that h (N) C Qo- 

We have seen that i$°Pf, '■ ^i{Q) — > ~K\{M) is surjective. Since the inclusion homomorphism 
TTi(N) — > 7ti(Q) is an isomorphism, it follows that i$ o h$ = i$ o (p\N)$ : 7Ti(iV) — > 7Ti(M) is 
surjective. Since the maps h , h : N — >■ Q are homotopic, zj o (/i )t) : ^(N) — >■ 7T!(M) is also 
surjective. Since ho(N) C Qo ; the inclusion homomorphism 7Ti(Qo) — M is surjective. 

To establish the conclusion of the lemma, it suffices to show that for every component c of 
M — R, the image of the inclusion homomorphism 7Ti(c) — > iri(M) is abelian. According to 
the definition of Q, any such c is either a small component of M — R, in which case the image 
of the inclusion homomorphism is trivial, or a component of M — Q. In the latter case, c is 
contained in a component cq of M — Q , and I shall complete the proof by showing that the 
image of the inclusion homomorphism h\{cq) — > 7i"i(M) is abelian. Let us fix any component 
T of <9co. Then T is a component of dQo and is therefore a torus. It follows from Assertions 
(2) and (3) of Proposition 3.8 that T is the boundary of a 3-dimensional submanifold J 
of M, closed as a subset of M, such that the inclusion homomorphism tci(J) — > tti(M) 
has abelian image. Since Qq is connected, we must have either J = cq, in which case the 
required conclusion holds, or J D Qq. The latter alternative would imply that the inclusion 
homomorphism 7ri(Qo) — > tti(M) has abelian image. This is impossible, as this inclusion 
homomorphism is surjective and tti(M) is non-abelian. □ 

Lemma 6.4. Let M be a hyperbolic 3-manifold of finite volume, and let C be a com- 
pact 3- dimensional (smooth) submanifold of M . Suppose that the inclusion homomorphism 
7i"i(C) — > 71"! (M) has abelian image. Then 

vol C < - area dC. 
~ 2 



Proof. This is essentially Lemma 4.4 of [3]. The authors of [3] assume C to be "PL" in a 
sense that it is not clear to me, but their proof can be read in the smooth category without 
change. □ 
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Lemma 6.5. Let M be a hyperbolic 3-manifold of finite volume. Let X C M be a compact set 
which is a 2- dimensional polyhedron with respect to some smooth triangulation of M . Suppose 
that for every component C of M — X, the inclusion homomorphism 7Ti(C) — > 7Ti(M) has 
abelian image. Then 

volM < areaX. 

Proof. Let m denote the number of cusps of M. Let e > be given. Since M has finite 
volume, there are disjoint Z x Z-cusp neighborhoods V\, . . . , V m in M, for some m > 0, such 
that M := M - (Vi U • • • V m ) is compact. Set V = Vy U • • • U V m . After replacing the V { by 
smaller Z x Z-cusp neighborhoods if necessary, we may assume that each Vi has volume less 
than e/m, that each dVi has area less than e/m, and that the V, are disjoint from X. Hence 
yoIV < e, areac^ < e, and X C intM . 

Since X is a 2-dimensional polyhedron with respect to the given smooth triangulation of 
M, there is an open neighborhood U of X in int Mq with vol U < e. Let X C U be a 
smooth regular neighborhood of X in the sense of [16]. We may choose X in such a way 
that area<9X < e + 2 areaX. 

Let C±, . . . ,C n denote the components of Mq — N. Then each Cj is contained in a component 
of M — X, and hence the inclusion homomorphism 7Ti(Cj) — > 7i"i(M) has abelian image. 
According to Lemma 6.4, we have 

vol Cj < - area dCj 

for j = 1, . . . ,n. Hence 

vol(M - X) < ^area9(M - X) 

1 1 

= - area dM + - area dN. 

Since area<9Mo = area dV < e and area<9X < e + 2 area X, it follows that 

vol(M - X) < e + x. 
Now since M = V U X U M - X, we have 

vol M = vol V + vol X + vol (M - X) 

< e + e + (e + area X) 

= 3e + area X. 

Since e > was arbitrary, it follows that volM < areaX. □ 

Proposition 6.6. Let (M, *) be a based closed, orientable, hyperbolic 3-manifold such that 
7i"i(M,*) is generated by two non-commuting elements x and y. Let A > be given, and 
suppose that x and y are represented by closed loops of length < X based at *. Let W be a 
non-trivial reduced word in two letters such that W(x,y) = 1. Then 

volM < (length(W) - 2) min(vr, A). 

(In particular, M has finite volume.) 
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Proof. If M has infinite volume then Proposition 3.15 implies that the non-commuting ele- 
ments x and y cannot both be represented by loops of length < log 3 based at *. Hence the 
hypothesis implies that volM < oo. 

Since x and y do not commute, they are in particular both non-trivial elements of tti(M, *). 
Since 71"! (M) is generated by x and y, it is non-abelian and in particular non-cyclic. As the 
fundamental group of a hyperbolic manifold, it is also torsion-free, and hence x and y have 
infinite order. 

I will regard W as a word in two abstract generators £ and rj. Let us write W — ipi • ■ ■ ip n , 
where each tpj has the form £ ±1 or rj . We may also identify W with a non-trivial element 
of the free group F on the generators x and y. Since 7i"i(M) is generated by x and y and 
since W(x,y) = 1, there is an epimorphism from Fj ((W)) to 7i"i(M, *) that maps £ to x and 
77 to Set n = length W. 

If there is a non-trivial reduced word W in two letters such that n! := length W < n 
and such that W'(x,y) = 1, and if volM < (n' — 2)min(7r,A), then in particular volM < 
(n — 2) min(7r, A). Hence, arguing inductively, we may assume that n is the minimal length 
of any non-trivial reduced word which gives a relation between x and y. 

If n were at most 3, either F/((W)) would be cyclic, which is impossible since 7Ti(M) is 
non-cyclic, or the image of £ or rj in F/((W)) would have finite order, which is impossible 
since x and y have infinite order. Hence n > 4. 

The hypothesis implies that there are loops a, (3 : [0,1] M based at * such that a\ (0, 1) and 
/3|(0, 1) are open geodesies of length < A, and such that [a] = x and [f3] = y. These geodesies 
are non-constant since x and y are non-trivial elements of iri(M, *). Let Q be a graph with 
one vertex v and two closed edges a and b. Fix loops n a and K h in Q, based at v, such that 
/t a |(0, 1) and Kb\(0, 1) are homeomorphisms of (0, 1) onto int a and int b respectively. Define 
a continuous map : Q — > M by setting 0(f) = *, (f>\ int a = a o k" 1 and 0| int 6 = o . 

Let us define a map uj : S 1 — >■ Q as follows. Fix n points on S* 1 , labeled in counterclockwise 
order as (0, • • • , Cn-i- Set ( n = Co- For 1 < j < n let A,- denote the arc which, when 
oriented counterclockwise, has Q-\ and (j as its initial and terminal points respectively. Fix 
a homeomorphism hj : Aj — > [0, 1] which maps and ^ to and 1 respectively. Set 
cu{(j) — * for < j < n — 1. For j = 1, . . . , n, define u\Ai to be n a o hj, o hj, Kb o hj, or 
~R~b o hj, according to whether ipj is equal to £, or r^ -1 , respectively. 

Since ^(x, = 1, the map (p o u is homotopic to a constant. Hence if we define a CW 
complex K by attaching a 2-cell to £ via the attaching map uj, then <fr extends to a map 
/ : K — >■ M. Let c : -D 2 — >• denote the characteristic map for the 2-cell of K. For 
each j with 2 < j < n — 2, let aj denote the line segment in the Euclidean disk D 2 with 
endpoints £o and (j. Set o\ = A\ and cr n -i = A n . Then for each j with 1 < j < n, the 
topological arc Oj has endpoints Co and Q. For j = 1, . . . , n — 1, by precomposing / o c\oj 
with a homeomorphism from [0, 1] to o"j that maps to (q and 1 to Q, we obtain a loop 
i/j based at *. We have [uj] = W'{x,y), where W := ipi ■ ■ ■ ipj is a reduced word of length 
j < n. By our mimimality assumption on n, it follows that Vj is a homotopically non-trivial 
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loop, and is therefore flxed-endpoint nomotopic to a loop whose restriction to (0, 1) is a 
non-constant geodesic. Furthermore, each of the paths z/i|(0,l) and i/ n |(0,l) is a (possibly 
orientation-reversing) reparametrization of either a\(0, 1) or /3|(0, 1), and is therefore a non- 
constant geodesic. Hence after modifying / within its homotopy class rel Q we may assume 
that Vj\(Q, 1) is a non-constant geodesic for j = 1, . . . , n — 1. 

The set D 2 — (<7i U • • • U cr n -i) has n — 2 components. The closures of these components are 
topological disks, which we may label as Ti, . . . , t„_ 2 , where drj = <Jj U Aj + i U Uj+\. 

Let j be any index with 1 < j < n — 2. The maps f\<jj and f\<Jj + i are reparametrizations 
of the non-constant geodesic paths Vj and Vj+i, while f\Aj + i may be obtained from one 
of the non-constant geodesic paths a or j3 by precomposing it with some homeomorphism 
from Aj + i to [0, 1]. Hence if Gj is a lift of the map / o c\tj to H 3 , then Gj(drj) is the 
boundary of a triangle Tj C H 3 . Since one of the sides of Tj is a lift of either a or (3, the 
length of the shortest side of Tj is less than A. Hence it follows from Proposition 2.3 that 
areaTj < min(7r, A). 

Since M is aspherical, we may arrange after modifying / by a homotopy rel Q U c^a?) U • • • U 
c(er n -2) that for each j with 1 < j < n — 1, the map /|rj admits a lift to H 3 which maps Tj 
onto Tj. Now by 3.3 we may fix a smooth triangulation of M with respect to which each of 
the sets f(a([0, 1]), (/3([0, 1]) and / o c(rj) =po G^tj) (j = 1, . . . , n - 2), is polyhedral. It 
follows that the union f(K) of these sets is also polyhedral. We have 

area(/ o c(tj)) < areaTj < min(7r, A). 

Hence 

n-2 

(6.6.1) axe&f(K) < area(/ o c(rj)) < (n — 2) min(7r, A). 

i=i 

According to the construction of K we have TTi(K) = Fj ((W)), where, as above, F denotes 
the free group on the generators £ and rj. In particular, TTi(K) has rank at most 2. Further- 
more, since W is a non-trivial reduced word, tti(K) is not a free group of rank 2. On the 
other hand, since x and y generate iti(M, *), the map /j : 7Ti(X, f) — > 7Ti(M, *) is surjective. 
Since we have observed that iti(M) is non-cyclic, iri(K) is also non-cyclic; hence ir\(K) has 
rank exactly 2. Thus all the hypotheses of Lemma 6.3 are seen to hold, and it follows that for 
each component C of M — f{K), the image of the inclusion homomorphism 7Ti(C) — » 7Ti(M) 
is abelian. 

We may now apply Lemma 6.5, taking X = f(K), to deduce that 

(6.6.2) vol M < area /(Jf). 



The required conclusion volM < (n — 2)min(7r,A) follows immediately from (6.6.1) and 
(6.6.2). □ 
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7. A CONCRETE BOUND FOR vol M WHEN /i(M) < (log3)/2, AND ITS CONSEQUENCES 

Theorem 7.1. Let X be a positive real number strictly less than (log3)/2 ; and let N(X) be 
defined by 5.1. Then every orientable hyperbolic 3-manifold M with /i(M) < X we have 



Proof. Suppose that M is an orientable hyperbolic 3-manifold such that /i(M) < A, i.e. such 
that A is not a Margulis number for M. Let us write M = HI 3 /T, where F < Isom + (EI 3 ) is 
discrete and torsion-free. Then there are non-commuting elements x and y of T such that 
max(d(P, x ■ P), d(P, y ■ P)) < X for i = 1, 2. According to Proposition 5.3, there is a reduced 
word W in two letters, with < length W < 8N(X), such that W(x,y) = 1. 

Set f = (x, y) < T, and M = M. 3 /f. Let * G M denote the image of P G H 3 under the 
quotient map H 3 — > H 3 /r. Then (HI 3 ,P) is a based covering space of (M, *). Under the 
natural identification of tti(M, *) with the deck group T, the elements x and y are identified 
with generators of iri (M, *) which are represented by closed loops of length < A based at *. 
Applying Proposition 6.6, with M playing the role of M in that proposition, we deduce that 



In the following corollary, Vq = 0.94 . . . will denote the volume of the Weeks manifold [36]. 

Corollary 7.2. Let X be a positive real number strictly less than (log3)/2, and let N(X) 
be defined by 5.1. Then for every orientable hyperbolic 3-manifold M, with /x(M) < A, the 
group 71"! (M) has a rank-2 subgroup of index at most X ■ (8iV(A) — 2)/Vq. 

Proof. Suppose that M is a closed, orientable hyperbolic 3-manifold such that /x(M) < A, i.e. 
such that A is not a Margulis number for M. Write M m = HI 3 /T, where V < Isom + (EI 3 ) is 
discrete and torsion-free. Then by definition there exist a point Pei 3 and non-commuting 
elements x, y G V such that 



Now T := (x, y) is a non-abelian rank-2 subgroup of V. 

Since x and y are non-commuting elements of T, it follows from (7.2.1) that A is not a 
Margulis number for M, i.e. that yu(M) < A. Hence by Theorem 7.1 we have volM < 
A • (8iV(A) — 2). (In particular M has finite volume) On the other hand, it is shown in [25] 
that the Weeks manifold has minimal volume among all orientable hyperbolic 3-manifolds. 
Hence volM > Vq. We therefore have 



volM < A • (8iV(A) — 2). 



volM < A(length(W/) - 2) < A(8iV(A) - 2). 
(In particular M has finite volume.) Since M covers M, it follows that 

volM < X(8N(X) — 2). 



□ 



(7.2.1) 



max(d(P, x-P),d(P,y-P)) < X. 



[T:T] 



volM A-(8iV(A)-2) 
volM V 
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It follows that 7Ti(M) = r has a rank-2 subgroup of index at most A • (8A(A) — 2)/Vq. □ 

Corollary 7.3. Let X be a positive real number strictly less than (log3)/2. Then for every 
hyperbolic 3-manifold M with /x(M) < A, we have 

rank7n(M) < 2 + log 2 (A • (8A(A) - 2)/V ). 

Proof. Let M be an orientable hyperbolic 3-manifold with fi(M) < A. According to Corollary 
7.2, 71"! (M) has a rank-2 subgroup A of index at most A • (8iV(A) — 2)/Vq. According to 
Proposition 2.2, we have 

'A - (8JV(A) -2)' 



rank7Ti(M) < rank A + log^vr^M) : A] < 2 + log 2 



To 



□ 



I will conclude with three corollaries which follow immediately upon combining the earlier 
results of this section with the estimate for N(X) given by Proposition 5.2 and Meyerhoff's 
lower bound [24] of 0.104 for /i+(3). The first, Corollary 7.4, was stated in the introduction 
as Theorem B, and the other two were presented as corollaries to Theorem B (although I 
will derive them formally from Corollaries 7.2 and 7.3 above.) 

Corollary 7.4. Let X be a positive real number strictly less than (log3)/2. Then for every 
orientable hyperbolic 3-manifold M with /x(M) < A we have 

, , , * ( 880 , 1 

vol M < A 6 + log 



log 3 - 2A ° log 3 - 2A 

Proof. Since A > //(M), we have in particular that A > /x+(3) > 0.1. The assertion now 
follows from Theorem 7.1 and Proposition 5.2. □ 

Corollary 7.5. Let X be a positive real number strictly less than (log3)/2. Then for every 
orientable hyperbolic 3-manifold M with /x(M) < A, the group 7i"i(M) has a rank-2 subgroup 
of index at most 

X f , 880 1 

O + log 



V \ log3-2A O log3-2A 

Proof. Since A > fi(M), we have in particular that A > /x+(3) > 0.1. The assertion now 
follows from Corollary 7.2 and Proposition 5.2. □ 

Corollary 7.6. Let X be a positive real number strictly less than (log3)/2. Then for every 
hyperbolic 3-manifold M with /i(M) < A ; we have 

( X ( 880 1 
rankTTi(M) < 2 + log 2 ( —I 6 + 1 -log 



V \ log3-2A O log3-2A 



Proof. Since A > jtt(M), we have in particular that A > /x+(3) > 0.1. The assertion now 
follows from Corollary 7.3 and Proposition 5.2. □ 
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